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In 1883–1884, Henri Poincaré [4,5] published the result about the structure of the
set of zeros of function f : In → Rn . In the case n = 1 the Poincaré theorem is well
known as the Bolzano theorem. In 1940 Miranda [3] (for more informations see Kulpa,
1997 [2]) rediscovered the Poincaré theorem and proved that the Bolzano–Poincaré–
Miranda theorem and the Brouwer ﬁxed point theorem are equivalent. The same type
theorem was published in 1938 by Eilenberg and Otto [1] and is known as the theorem
on partitions and is used as a characterization of the covering dimension. Except for few
isolated results (Scarf, 1973/2000 [6]) it is essentially a non-algorithmic theory. The aim of
this article is to present a discrete version of the Bolzano–Poincaré–Miranda theorem and
show that this discrete version could be the main tool in proving ﬁxed point theorems.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Let X be a space and C, D be any pair of sets with C ∩ D = ∅. A subset B of the space X separates C and D iff
X \ B = U ∪ V and C ⊂ U , D ⊂ V and U ∩ V = ∅.
A metric space Z has dim n if and only if the following condition is satisﬁed:
For any n + 1 pairs of closed sets C1,C ′1; . . . ;Cn+1,C ′n+1 with Ci ∩ C ′i = ∅, i = 1, . . . ,n + 1, there exist closed sets Bi =
1, . . . ,n + 1, such that
(i) Bi separates Ci and C ′i for each i
and
(ii) {⋂ Bi: i ∈ {1, . . . ,n + 1}} = ∅.
This characterization of (covering) dimension is known as the Eilenberg–Otto characterization and follows from the
Eilenberg–Otto theorem on partitions.
Let In := [0,1]n be the n-dimensional cube in Rn .
Its i-th opposite faces are deﬁned as follows:
I−i :=
{
x ∈ In: x(i) = 0}, I+i := {x ∈ In: x(i) = 1}.
Theorem 1 (Theorem on partitions). (Eilenberg and Otto, 1938 [1]) Let Ai be a closed set separating I+ and I− , i.e.,
In \ Ai = U+ ∪ U−,
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I+ ⊂ U+ and I− ⊂ U−.
Then
⋂{Ai: i ∈ {1, . . . ,n}} 	= ∅.
Theorem 2 (Bolzano–Poincaré–Miranda). ([3–5]) Let f : In → Rn, f (x) = ( f1(x), . . . , fn(x)) be a continuous map such that fi(I−i ) ⊂
(−∞,0] and fi(I+i ) ⊂ [0,∞) for i = 1, . . . ,n, then there exists x0 ∈ In such that f (x0) = (0, . . . ,0).
The theorem on partitions and the Bolzano–Poincaré–Miranda theorem are equivalent (for more information see Kulpa,
1997 [2]).
2. Discrete part
In [7] Steinhaus presented the following conjecture:
Let some segments of the chessboard be mined. Assume that the king cannot go across the chessboard from the left edge to the
right one without meeting a mined square. Then the rook can go from upper edge to the lower one moving exclusively on mined
segments.
In this theorem two different types of roads (rook road and king road) have been investigated. Two different types of roads
can be seen as two different types of connectedness. The generalized version of this theorem has been published in [8],
where in n-dimensional cube (n-dimensional chessboard) n type of connectedness has been investigated. The generalized
Steinhaus chessboard theorem implies the Bolzano–Poincaré theorem. The converse implication is not known. Except for
few isolated results (Scarf, 1973/2000 [6]) it is essentially a non-algorithmic theory. The main tool in this paper was the
combinatorial cube.
Let k be an arbitrary natural number.
The set C(k) = { 12k , . . . ,1− 12k }n is said to be the n-dimensional combinatorial cube.
Its i-th opposite faces are deﬁned as follows:
C(k)−i =
{
z ∈ C(k): z(i) = 1
2k
}
, C(k)+i =
{
z ∈ C(k): z(i) = 1− 1
2k
}
.
Let
∂C(k) =
n⋃
i=1
C(k)−i ∪ C(k)+i
be the boundary of the n-dimensional combinatorial cube.
Let ei = (0, . . . ,0, 1k ,0, . . . ,0), ei(i) = 1k be the i-th basic vector.
An ordered set S = [z0, . . . , zn] ⊂ C is said to be an n-simplex if there exists a permutation α of set {1, . . . ,n} such that
z1 = z0 + eα(1) . . . zn = zn−1 + eα(n) .
Any subset [z0, . . . , zi−1, zi+1, . . . , zn] ⊂ S , i = 0, . . . ,n is said to be an (n − 1)-face of the n-simplex S .
Every map Φ : C → {1, . . . ,n} is said to be a coloring map of C .
We call the set A ⊂ C n′-colored if Φ(A) = {1, . . . ,n′}.
Observation 1. Let S = [z0, . . . , zn] ⊂ C be an n-simplex. Then for each zi ∈ S if [z0, . . . , zi−1, zi+1, . . . , zn] 	⊂ Cp for each p ∈{1, . . . ,n},  ∈ {+,−} then there exists exactly one n-simplex S[i] ⊂ C such that S ∩ S[i] = [z0, . . . , zi−1, zi+1, . . . , zn] else there does
not exist such S[i] ⊂ C.
Observation 2. Any (n − 1)-face of an n-simplex S ⊂ C is an (n − 1)-face of exactly one or of two n-simplexes from C depending on
whether or not it lies on Cp for some p ∈ {1, . . . ,n},  ∈ {+,−}.
Observation 3. Each n-colored n-simplex has exactly two n-colored (n − 1)-faces.
These simple conditions of combinatorial cubes and idea of different roads of king and rook allow us to deﬁne discrete
manifolds.
Let V be a set. Let P2(V ) = {{x, y}: x ∈ V ∧ y ∈ V }.
Let K ⊆ P2(V ).
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s2(p) =
{{c, x1, x2}: x1, x2 ∈ (st1(p) \ {p})∧ c ∈ st1(x1) ∩ st1(x2)},
st2(p) =
⋃
s2(p) ∪ st1(p),
...
si(p) =
{{c, x1, . . . xi}: x j ∈ sti−1(p) \ sti−2(p) for j = 1, . . . , i ∧ c ∈ st1(x1) ∩ st1(x2) ∩ · · · ∩ st1(xi)},
sti(p) =
⋃
si−1(p) ∪ sti−1(p).
Let us observe that if i < j then sti(p) ⊂ st j(p).
A subset L ⊆ V is called an arc of the range k connecting points x and y if L = {x1, . . . , xm} and x = x1 and y = xm and
x2 ∈ stn1 (x1), x3 ∈ stn2 (x2), . . . , xm ∈ stnm−1 (xm−1) and ni  k for each i = 1, . . . ,m.
A set is called an arcconnected of the range k if for each two points there exists an arc of the range k connecting points.
A set is called an arcconnected if for each two points there exists an arc connecting points.
We call a pair (V , K ) the discrete manifold of the range n if it has the following conditions:
1. For each point x ∈ V we have |{y ∈ V : {x, y} ∈ K ⊂ P2(V )}| = 2n.
2. V is arcconnected of the range n.
3. For each x ∈ st1(p) there exists exactly one point x′ such that st1(x) ∩ st1(x′) = {p}.
The triple (W , F , K ) is called the n-dimensional discrete manifold with boundary if it has the following conditions:
1. For each point x ∈ W we have |{y ∈ W ∪ F : {x, y} ∈ K ⊂ P2(W ∪ F )}| = 2n.
2. W ∪ F is arcconnected of the range n.
3. For each point x ∈ W we have stn(x) ⊂ W ∪ F .
4. For each p ∈ W and x ∈ st1(p) there exists exactly one point a(x) such that st1(x)∩ st1(a(x)) = {p} and st1(p) \ {a(x)} ⊂
stn(x).
5. (F , K ∩ P2(F )) is the discrete manifold of the range n − 1.
6. W ∩ F = ∅.
7. For each point p ∈ F there exists exactly one point w ∈ W such that {p,w} ∈ K .
The n-dimensional discrete manifold with boundary (W , F , K ) is called the n-dimensional universal cube if
F =
n⋃
i=1
(
F+i ∪ F−i
)
where F+i ∩ F−i = ∅ and F+i ∪ F−i is not arcconnected, and F i is the (n − 1)-dimensional universal cube,  ∈ {+,−}.
Denote that an arbitrary point is 0-dimensional universal cube.
Subset J ⊆ V is called the barrier if
1. V \ J = C1 ∪ C2,
2. C1 ∪ C2 is not arcconnected,
3. C1 ∩ C2 = ∅.
Let (W , F , K ) be the n-dimensional universal cube.
Let f : W ∪ F → {0,1}n .
The function f is called the n-coloring of the set W ∪ F .
A subset J ⊂ W ∪ F is called i() homogeneous if f i( J ) = {} where  ∈ {0,1}.
Theorem 3. Let (W , F , K ) be the n-dimensional universal cube Let f : W ∪ F → {0,1}n be such that fi(F−) = 0 and fi(F+) = 1.
Then there exists p ∈ F ∪ W such that πi( f (stn(p))) = {0,1} for each i = 1, . . . ,n.
Lemma 2.1. Let (W , F , K ) be the n-dimensional universal cube Let f : W ∪ F → {0,1}n be such that fi(F−) = 0 and fi(F+) = 1.
Then for every i ∈ {1, . . . ,n} there exists a minimal i-homogeneous and arcconnected of the range 1 barrier Bi and for each point
p ∈ Bi there exists a point z ∈ stn(p) such that fi(z) = 1− f i(p).
Proof of Lemma 2.1. We will build the barrier between the sets F− and F+ .i i
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Let A1 = A0 ∪ F−i .
Step 2. Assume that f i((W ∪ F ) \ A1) = 1.
Let B = {y ∈ A1: (∃z∈stn(y): f i(z) = 1)}.
Let us observe that B is the barrier between sets
C1 = A1 \ B
and
C2 = W \ A1.
Let us assume that B is the minimal barrier. We will prove that B is arcconnected. From our construction it follows that
A1 is arcconnected of the range 1. Since B is a subset of A1, hence for each two points x, y from B there exists a chain
{x1, . . . , xm} ⊂ A1 such that x = x1 and y = xm and x2 ∈ st1(x1), x3 ∈ st1(x2), . . . , xm ∈ st1(xm−1). If all points from the chain
belong to the set B then end. If not, then assume that x2 is the ﬁrst point from the chain which does not belong to the
set B .
If there exists z ∈ stn(x2) such that f i(z) = 1, then x2 belongs to the barrier. Hence we have for each z ∈ stn(x2) that
f i(z) = 0. From the deﬁnition of A1 it follows that x2 ∈ F−i . For each point x ∈ stn(x2) ∩ F−i there exists exactly one point
x´ ∈ stn(x2) such that x´ /∈ F−i and {x´, x} ∈ K . The set {x´: x ∈ stn(x2) ∩ F−i } ⊂ B .
1o: If x1 = x´2, then x3 ∈ F−i .
Then we can take a new chain {x1, x´3, x3, . . . , xm}.
2o: If x1 	= x´2, then x1 ∈ F−i . Then we can take a new chain {x1, x´1, x´2, x´3, x3, . . . , xm}.
For each point p ∈ Bi we have f i(p) = 0.
If for each point p ∈ Bi there exists a point z ∈ stn(p) such that f i(z) = 1 then there is the end of the construction of the
barrier.
Otherwise do.
Step 3. Take B ∪ F−i instead of F−i .
Go to Step 1.
Since the set W ∪ F is ﬁnite and f i(F+i ) = 1, hence after ﬁnitely many steps our procedure ends. The barrier Bi between
the sets F−i and F
+
i will be deﬁned and from the construction of Bi we have that for each point p ∈ Bi there exists a point
z ∈ stn(p) such that f i(z) = 1. 
Lemma 2.2. There exists a point p ∈ W ∪ F such that for some s ∈ sn(p) the intersection s ∩ Bi is not emptyset for all i.
Let Bi be the barrier between F
−
i and F
+
i deﬁned in the previous lemma. We have W ∪ F \ Bi = C−i ∪ C+i where
C−i ∩ C+i = ∅.
Let A−i = Bi ∪ C−i and A+i = Bi ∪ C+i .
We have F−i ⊂ A−i and F+i ⊂ A+i .
Deﬁne φ(x) = max{ j: x ∈ A+i for each i = 0,1, . . . , j} and A+0 = W ∪ F .
The map φ has the following property:
(∗) if x ∈ F−i , then φ(x) < i
and if x ∈ F+i , then φ(x) 	= i − 1.
Fact. For each s ∈⋃{sn(p): p ∈ W ∪ F } if φ(s ∩ Fi) = {0,1, . . . ,n − 1}, then  = − and i = n.
Fact. If φ(x) = i − 1, then x ∈ A−i .
Fact. If φ(x) = i, then x ∈ A+i .
We say that s ∈⋃{sn(p): p ∈ W ∪ F } is perfect if φ(s) = {0,1, . . . ,n}.
The lemma will be proved if the number of such s will be odd.
Our proof will be by induction on the dimensionality of W ∪ F . The lemma is obvious for n = 0.
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Let us consider those z that φ(z) = {0,1, . . . ,n − 1}. If z ⊂ F , then z ⊂ F−n and by induction hypothesis there is an odd
number α of such z.
Let us consider s ∈⋃{sn(p): p ∈ W ∪ F }.
If s is not perfect, then φ(s) = {0,1, . . . ,n − 1} or φ(s) 	= {0,1, . . . ,n − 1}.
If φ(s) = {0,1, . . . ,n − 1}, then the number of proper subsets z such that φ(z) = {0,1, . . . ,n − 1} is equal to 2.
If φ(s) 	= {0,1, . . . ,n − 1}, then the number of proper subsets z such that φ(z) = {0,1, . . . ,n − 1} is equal to 0. Denote
this number by k(s). Observe that if s is perfect then k(s) = 1. Denote the number of perfect s by γ . We have
γ =
∑
k(s), mod 2.
On the other hand, a proper z ⊂ s appears exactly once or twice in ∑k(s) according as it is in F or not.
Hence∑
k(s) = α, mod 2.
Hence
α = γ , mod 2.
But α is odd. Hence γ is odd.
From Lemmas 2.1 and 2.2 follows Theorem 3.
3. Topological part
Let k be an arbitrary natural number.
Let us consider the n-dimensional combinatorial cube
C(k) =
{
1
2k
, . . . ,1− 1
2k
}n
,
its i-th opposite faces
C(k)−i =
{
z ∈ C(k): z(i) = 1
2k
}
, C(k)+i =
{
z ∈ C(k): z(i) = 1− 1
2k
}
and
∂C(k) =
n⋃
i=1
C(k)−i ∪ C(k)+i
the boundary.
For each point p ∈ C(k) let us consider a set
D(p) =
{
y ∈ C(k): |p − y| = 1
k
}
= stn(p).
Let us deﬁne a set K (p) = {{x, p}: x ∈ D(p)}. Let V = C(k) \ ∂C(k) and F = ∂C(k). Let us deﬁne K =⋃{K (p): p ∈ C(k)}.
Observation 4. For each p ∈ V there is |{y ∈ V : |p − y| = 1k }| = 2n.
Observation 5. n-Dimensional combinatorial cube is n-dimensional universal cube (V , F , K ).
Now using Theorem 3 we can prove: The Bolzano–Poincaré–Miranda theorem and the theorem on partitions.
Proof of the Bolzano–Poincaré–Miranda theorem. Let k be an arbitrary natural number.
Assume w.l.o.g. that f i(I
−
i ) ⊂ (−∞,0) and f i(I+i ) ⊂ (0,∞) for i ∈ {1,2, . . . ,n}. Let d : In × In → R be the Euclidean
metric.
Observe that there exist ∗ > 0 such that for each x ∈ In , d(x, I−i ) < ∗ and for each y ∈ In , d(y, I+i ) < ∗ we have
f i(x) < 0, f i(y) > 0, i ∈ {1,2, . . . ,n}.
Since C(k) ⊂ In , hence we can deﬁne a coloring map φ : C(k) → {0,1}n , φ = (φ1, . . . , φn)
φi(t) =
{
0, f i(tc) 0,
1, f (t ) > 0.i c
M. Turzan´ski / Topology and its Applications 159 (2012) 3130–3135 3135Let us observe that for each k ∈ N such that 1k < ∗ the assumptions of Theorem 3 are fulﬁlled. From this it follows that for
each k ∈ N there exists a point p(k) such that for each i ∈ {1, . . . ,n} there exist points z(k)i ∈ stn(p) and w(k)i ∈ stn(p) such
that φi(z(k)i) = 0 and φi(w(k)i) = 1. Since In is convex, hence for each k and i we have an interval [z(k)i,w(k)i] ⊂ In . Since
f is continuous and f (z(k)i) < 0 and f (w(k)i) > 0, hence there exists a point c(k)i such that f i(c(k)i) = 0. By compactness
w.l.o.g. we can assume that limk→∞ c(k)i = c for each i ∈ {1, . . . ,n} and f i(c) = 0. This ends the proof. 
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